The EOQ model will have a century of its discovery in two years, and recently still, many researchers have been using alternative approaches to model and solve inventory systems. The EOQ/EPQ models have been developed using different optimization methods. However, in many of the works that deal with the EOQ/EPQ with backorders only linear backorders cost is considered. This paper proposes another easy method which uses basic concepts of analytic geometric and algebra. The proposed method finds the optimal lot size and backorders level considering both linear and fixed backorders costs. Additionally, this paper presents a review of the different optimization methods utilized in inventory theory.
Introduction
Inventory models have been studied extensively since the economic order quantity (EOQ) inventory model was first introduced in February 1913 by Harris [1] . A few years later, the economic production quantity (EPQ) inventory model was proposed by Taft [2] . Thousands of papers in inventory have been published since then. Perhaps Raymond [3] wrote the first book in inventory management. Later, the EOQ/EPQ models were extended to include backorders (for instance, see Hadley and Whitin [4] , Naddor [5] and Johnson and Montgomery [6] ).
Almost a century ago, Harris [1] stated that in order to find the optimal solution for the EOQ model, it is necessary to use advance mathematics. Roach [7] presented an interesting discussion on the likely origin of Harris [1] 's EOQ model. He believes that Harris [1] was perhaps influenced by Kelvin's Law in the derivation of his famous EOQ model.
Over the years, academicians and researchers have been proposing different methods of problem solving. There are many problems often characterized by a high degree of complexity. In order to solve them it is necessary to use different problemsolving techniques, such as graphical modelling, descriptive modelling, quantitative modelling, computerized modelling, among others. An enormous interest has been detected by academicians and researchers to incorporate alternative ways of optimization in inventory theory. In this direction, some academicians and researchers have attempted to derivate the inventory models using a myriad of approaches including (1) differential calculus; (2) tabular; (3) graphical; (4) marginal cost analysis; (5) algebra; (6) cost comparisons; (7) quasi-variational inequalities (QVI); (8) arithmetic-geometric mean inequality (AGM); (9) Cauchy-Bunyakovsky-Schwarz (CBS) inequality, and (10) geometric-algebraic (in this paper). [34] ; an n-stage-multi-customer supply chain inventory model developed by Cárdenas-Barrón [35] ; and EPQ with rework in a single-stage production system proposed by Cárdenas-Barrón [19] , just to name a few. Also, it is important to mention that the aforementioned inventory models do not consider backorders. Without loss of generality, Table 1 presents a list of the inventory models that were derived using the algebraic approach. Our intention with Table 1 is not to cover the complete gamut of inventory models developed algebraically since maybe some works could not be seen in our research process. The works are ordered chronologically.
One stream of research investigates the inventory problem with permissible delay in payments, trade credit or discount offer. Huang [32] implemented the easy algebraic procedure to reinvestigate Goyal [90] 's model and Teng [91] 's model to derivate the optimal cycle time under permissible delay in payments. In a subsequent paper, Huang [33] also applied the cited algebraic method to find the retailer's optimal ordering policy under the environment of permissible delay in payments relaxing the restrictive statement that the trade credit is independent of the order quantity made in the Goyal [90] 's model. Huang [43] also used this novel approach to resolve the retailer's inventory replenishment problem under two levels of trade credit and limited storage space. He proved that the Goyal [90] 's model, Teng [91] 's model and Huang [92] 's model are particular cases of Huang [43] 's model. Huang and Lai [34] dealt with the retailer's lot sizing problem under two warehouses and two levels of delay in payments permitted using algebraic optimization. Huang and Hsu [58] algebraically derived an inventory EPQ model under permissible payment delay. Another related research papers that used the algebraic approach and consider delay in payment or trade credit are the papers by Huang et al. [57] , Huang and Lai [59] , Yang et al. [63] and Huang and Huang [65] .
Other line of interest is the development of inventory models for manufacturing systems that generate defective products or imperfect quality products. For example, Huang [23] in his work also applied the algebraic method to determine the EOQ/ EPQ with backorders considering that the fabrication process manufactures defective products. In addition, Chiu et al. [31] also established an algebraic solution process for the EPQ model with random scrap goods produced. Also, Chou et al. [42] improved the algebraic procedure exposed in Huang [23] . Furthermore, Chiu and Chiu [40] applied the algebraic method to an imperfect quality EPQ model that takes into consideration the reworking of defective items. Huang [44] studied the effect of service-level constraint on the economic production quantity model with random defective rate using the algebraic approach. Chiu et al. [51] derived an EPQ model taking into consideration an imperfect rework of defective items. Chiu et al. [41] and Chiu et al. [52] applying the algebraic method derived a production batch size problem with backorders, defective rate and rework, and an inventory EPQ model with backorders and random scrap rate, respectively. Additionally, Chiu et al. [53] algebraically derived an inventory EPQ model for a manufacturing system that generates random defective items and considers the reworking of random defectives items and scrap. Chiu [64] , using the simple algebraic optimization approach, simplified the solution procedure for determining the optimal batch size and backorders level for a manufacturing system taking into consideration random defective rate, failure in repair and backorders. Cárdenas-Barrón [19] developed algebraically an EPQ model with rework for a single stage production system. Leung [67] taking into account the scenario where the quantity backordered and the quantity received are both uncertain derived global optimal expressions from a non-convex objective inventory function in an algebraic manner. Additionally, Leung [68] derived the EOQ model taking into account the case of mixture backorders and lost sales using algebra. Leung [73] using the algebraic method extended the work of Chiu [93] . Chiu et al. [82] presented a simple algebraic approach for deriving the optimal lot size for an EPQ model with rework process. Hu et al. [84] determined using simple algebraic method and signed distance a fuzzy EOQ model with imperfect quality and service level. Widyadana and Wee [89] using the algebraic method derived an EPQ inventory model with product recovery that considers two recovery policies.
Another stream of research investigates the inventory problem at the supply chain. Algebraic optimization approach has also been used to derive optimal lot sizes for multi-stage inventory systems. For example, Cárdenas-Barrón and Martínez-Garza [37] algebraically developed the economic lot size for an integrated seller-buyer inventory system presented in Silver et al. [94, pp. 476-482] . Yang and Wee [36] also applied only algebra in the modification of Goyal [95] 's model, which resulted in a significant cost reduction. Wu and Ouyang [38] extended Yang and Wee's [36] model by taking into consideration the integrated single-vendor single-buyer inventory system with backorders. They demonstrated that the optimal integrated total cost with backorders is lower than the optimal integrated total cost without backorders. Shyu et al. [50] improved the algebraic modelling of Wu and Ouyang [38] . Wang and Wu [78] derived the Yang et al.'s model [96] using algebraic method. Previous research has also considered an integrated seller-buyer inventory system in which the seller transfers the lot with equal sized batches to the buyer. This literature also reports that, in some instances, the unequal size batches would be a better choice. In this direction, Hoque and Goyal [39] algebraically developed an integrated seller-buyer inventory system that considers equal and unequal sized batch transfer of a lot from the seller to the buyer. Wee and Chung [62] dealt with the integrated single-vendor-single-buyer inventory system with backorders, JIT delivery and inspection cost. They algebraically derived the optimal replenishment policies with three decision variables. Chung and Wee [55] algebraically developed an integrated three-stage inventory system with backorders using four decision variables. Cárdenas-Barrón [35] formulated and algebraically solved an n-stage-multi-customer supply chain inventory model where there is a company (in each stage) that can supply items to several customers. The n-stage-multi-customer supply chain inventory model was formulated for the simplest inventory coordination mechanism which is referred to as the same cycle time for all companies in the supply chain. Chung [97] improved the integrated single-vendor single-buyer inventory system with shortage that was proposed by Wu and Ouyang [38] . Basically, Chung [97] presented a proof of the global cost minimum algorithm developed by Wu and Ouyang [38] . Leung [74] solved a four-stage-multi-customer supply chain inventory model considering the integer multiplier [67] 2008 A lot size model when the quantity backordered and the quantity received are both uncertain
Yes Yes Yes
Leung [68] 2008 A deterministic inventory model with a mixture of backorders and lost sales Yes Yes Yes Liao et al. [69] 2008 EOQ model for two echelon trade credit No No No Lin et al. [70] 2008 Imperfect quality EMQ model with rework Yes Yes No Shyu et al. [71] 2008 EPQ model with rework and service level constraint Yes Yes No Hu and Guo [72] 2009 Fuzzy production inventory model with repairable imperfect products and backorders Yes Yes No Leung [73] 2009 EPQ with random defective rate and rework process Yes Yes No Leung [74] 2009 [83] 2010 EOQ/EPQ with backorders and other production-inventory models Yes Yes No Hu et al. [84] 2010 Fuzzy EOQ model with imperfect quality and service level Yes Yes No Leung [85] 2010 EOQ/EPQ Yes Yes No Leung [86] 2010 An integrated production-inventory system in a multi-stage multi-firm supply chain Yes Yes No Leung [87] 2010 A three and four-stage-multi-customer supply chain inventory model No No No Omar et al. [88] 2010 EOQ/EPQ Yes Yes Yes Widyadana and Wee [89] 2010 An inventory system with product recovery No No No coordination mechanism. Leung [86] addressed the same problem of Leung [74] , but he considers lot streaming and complete backorders. Leung [75] and Leung [76] solved algebraically a three-stage-multi-customer supply chain inventory model with backorders. Leung [87] developed algebraically a three and four stage-multi-customer supply chain inventory models without backorders. Another line of interest is the application of inequalities to the derivation of inventory models (see, for instance Table 2 ). For example, Beyer and Sethi [98] derive the EOQ model using quasi-variational inequalities (QVI). Later, three new and original optimization approaches appeared in the inventory literature: the cost comparisons, the arithmetic-geometric mean (AGM) inequality, and Cauchy-Bunyakovsky-Schwarz (CBS) inequality. These methods were developed by Minner [99] , Teng [100] , and Hsieh et al. [101] , respectively.
The cost comparisons method by Minner [99] consists of simple inventory costs comparisons and only requires knowledge of the limit concept, which is considered intermediate mathematics (i.e., mathematical knowledge learned in the last year of high school or in the first year of an undergraduate program in engineering or business). The cost comparisons method first derives an economic order interval. Secondly, it transforms this economic order interval to the economic order quantity. However, the cost comparisons method does not focus on explicitly developing the expressions for the backorders level for the EOQ/EPQ models when backorders are considered. Minner [99] 's method has been modified by Wee et al. [102] . The modified cost-difference comparisons optimization uses a variable lot size to express the cost function and finds the optimal lot size directly, rather than the optimal economic interval order. It is important to mention that this modified method does not explicitly develop the mathematical expressions for the backorders level either.
Teng [100] 's AGM method is also easy. However, the AGM method only determines the optimal lot size and, as with the cost comparisons methods; it does not derive the backorders level for the EOQ/EPQ models when backorders are allowed.
It is important to remark that Teng [100] is not the first researcher to apply the AGM inequality for optimization functions. It can be argued that Garver [118] and Niven [119] were the first researchers to use the AGM inequality in optimization functions. The application of the AGM inequality in optimizing an inventory function can be traced to Hwang et al. [103] , Castello and Goldman [104] , Oh and Hwang [105] and Tu et al. [107] . Hwang et al. [103] and Oh and Hwang [105] dealt with inventory control for a recycling system. They assumed that demand was deterministic and a fixed fraction of the demand was returned and used as raw material for new products. Hwang et al. [103] and Oh and Hwang [105] proposed inventory policies and procedures for determining the optimal policy parameters in a remanufacturing system. Castello and Goldman [104] derived the EOQ/EPQ models, and Tu et al. [107] developed an EOQ inventory model under trade credit period depending on the order quantity using the AGM inequality. Teng et al. [109] presented a comprehensive note on Huang [43] 's paper. Again, Teng et al. [109] used the AGM inequality to minimize a function with only one variable (the replenishment cycle time). Chang and Ho [81] used both the AGM inequality and algebraic method to optimize an inventory model with imperfect quality and shortage backordering. Chang et al. [112] used the AGM method in determining the replenishment policies for deteriorating items in a supply chain with trade credits. Cárdenas-Barrón et al. [111] solved the vendor-buyer integrated [117] 2010 Finite horizon production lot sizing problem with backorders Yes Yes No inventory system with the AGM method. Cardenas-Barrón [12] mentioned that AGM inequality can be used as optimization method if and only if the following three well known conditions are satisfied: (1) the functions must be non-negative; (2) the product of the functions must be a constant and (3) the system of equations can be solved. The application of the Cauchy-Bunyakovsky-Schwarz (CBS) inequality in optimizing an inventory function can be traced to Hsieh et al. [101] and Dye and Hsieh [106] . Other works that use CBS inequality as optimization method are Cárdenas-Barrón [110] and Wee et al. [117] .
To the best of our knowledge, the research papers by Minner [99] , Wee et al. [102] , and Teng [100] do not consider the optimization of the backorders level. Additionally, those papers only consider linear backorders cost. Although, the work of Leung [85] optimizes the backorders level, however his work only considers linear backorders cost. Only a few research papers have involved two backorders costs. For example, Sphicas [25] and Omar et al. [88] consider both linear and fixed backorders cost, however their algebraic development is complex.
In this paper, we construct a sequential optimization process combining a basic concept of analytic geometry and the algebraic method to derive the optimal lot size and the backorders level for the EOQ/EPQ models considering two backorders cots: linear and fixed. We call this new approach the hybrid geometric-algebraic method.
A hybrid geometric-algebraic method
In this section, we develop a sequential optimization method using both analytic geometric and algebraic method. The sequential optimization procedure consists of two stages. In the first stage the backorders level (B) is optimized using a basic concept of analytic geometric (for instance, see Cárdenas-Barrón [120] ). In the second stage, we determine the optimal lot size (Q) using the algebraic method (for instance, see Cárdenas-Barrón [18, 19, 35] and Garcí a-Laguna et al. [83] ). As mentioned before, the algebraic method requires only knowledge of simple factorization such as completing the perfect trinomial and squared binomial, which are considered elementary mathematics.
The EOQ model with backorders
Before proceeding with the mathematical modelling, it is deemed necessary to provide to the readers the notation used in both the EOQ/EPQ models with backorders presented in Sections 3.1 and 3. 
Stage I. Optimization of the backorder level (B) via analytic geometric
Consider the total inventory cost function for the EOQ with backorders given by
For a fixed Q, Eq. (1) can be minimized subject to 0 < B 6 Q. Equivalently, the total inventory cost can also be written as
For a fixed Q, Eq. (2) can be optimized with regards to variable B. Using the concept of a parabola from analytic geometry; it is easy to see that Eq. (2) represents a parabola. This parabola has the form y(x) = a 1 x 2 + a 2 x + a 3 . Then, it is known that the function y(x) has, for x ¼ À iff a 1 < 0. According with the concept of parabola, it is easy to see that Eq. (2) has a global minimum. Therefore, the optimal backorders level is
With a global minimum 
The algebraic method consists in that expression of the type a 1 x + a 2 /x + a 3 , with a 1 and a 2 positive, can be rewritten as
Since the quadratic expression being non-negative and a 1 positive, f(x) is always minimized for x ¼ ffiffiffiffiffiffiffiffiffiffiffiffi a 2 =a 1 p , which reaches the minimum at f ðxÞ ¼ 2 ffiffiffiffiffiffiffiffiffi ffi a 1 a 2 p þ a 3 . Eq. (6) is of the type a 1 x + a 2 /x + a 3 . Then, applying the algebraic optimization method to the minimizing of function in (6), the optimal lot size is 
With global minimum
Eq. (8) is a closed form for the total cost. It is important to point out that no published work has reported a closed form for the total cost for the EOQ model with two backorders costs. Goyal and Cárdenas-Barrón [121] and Sphicas [25] presented simple mathematical expressions for the total cost for the EOQ with backorders. However, those mathematical expressions are not closed forms. 
For a fixed Q, Eq. (9) can be minimized subject to 0 < B 6 Q(1 À d/p). Equivalently, the total cost can also be written as
Also, for a fixed Q, Eq. (10) is a parabola with regards to variable B. Therefore, the optimal backorders level is
Eq. (14) is of the type a 1 x + a 2 /x + a 3 . Then, applying the algebraic optimization method to the minimizing of function in (14) , the optimal lot size is 
Eq. (16) is a closed form for the total cost. It is important to point out that no published work has reported a closed form for the total cost for the EPQ model with two backorders costs. Goyal and Cárdenas-Barrón [121] and Sphicas [25] presented simple expressions for the total cost for the EPQ with backorders. However, those expressions are not closed forms. Table 3 shows the optimal lot size, optimal backorders level and the optimal total inventory cost for the four EOQ/EPQ models.
It is worth mentioning that sequential optimization process first derives the optimal backorders level and after derives the optimal lot size. On the other hand, if the sequential optimization process is reverted, in other words, first derives the optimal lot size and after derives the backorders level, also the hybrid geometric-algebraic method obtains the same results.
Sensitivity analysis of the inventory models can be done. In many real world situations, it is sometimes impractical to purchase or produce exactly the optimal lot size (Q*). This is due to packing or production restrictions; or when a wrong value of (Q 0 ) instead of the optimal lot size (Q*), because of errors in parameters of the model, or any other reason. Therefore, it is necessary to examining the sensitivity analysis of the total cost due to deviations of (Q 0 ) from the optimal lot size (Q*). In the inventory models with backorders, for a given non-optimal lot size (Q 0 ) then the non-optimal backorders level is deter- Then, when a non-optimal lot size (Q 0 ) is implemented, it is worth to know what is the non-optimal total cost and additional cost of the inventory system. The cost penalty can be determined as
where the numerator is the non-optimal total cost and the denominator is the optimal total cost. When there is no deviation (Q 0 = Q*), obviously the above ratio is 1. For example, consider the EPQ model with two backorders costs: Eqs. (14) and (16 
From the above expression, it is evident that the cost increase when using the non-optimal lot size instead of the optimal lot size is only a function of both Q 0 and Q*. It turns out that even with large deviations from the optimal lot size will give low cost increases. For example, if the non-optimal lot size is deviated 55% (i.e., Q 0 =Q Ã ¼ 1:55Þ above of the optimal lot size then the cost increases 9.75806%. If the non-optimal lot size is deviated 35% (i.e., Q 0 =Q Ã ¼ 0:65Þ below of the optimal lot size then the cost increases 9.42307%. Now, if we set Q 0 ¼ zQ Ã , where z is greater than zero. Thus, the additional total cost is: 
:
And the non-optimal total cost is given by:
In a similar manner, one can obtain the additional total cost and non-optimal total cost for the other three inventory models. Table 4 shows the additional total cost and non-optimal total cost for each inventory model.
There is another reason why there is a deviation from the optimal lot size. For example when a manufacturer or a purchaser determines estimates values for the parameters and these differ from the actual values. We define the estimates values of the parameters with the same symbol and with a superscript ( 0 ). Thus, the z value for the EPQ with backorders is given by: Obviously, when there is no difference between the estimates and the actual values then the z value is equal to 1. For a given z value one can determine the additional total cost and the non-optimal inventory cost with expressions of Table 4 . With this type of sensitivity analysis one can conclude whether or not the total cost is sensitive to lot size and estimates on parameters of the inventory model. However, it is important to point out that another type of sensitivity analysis to the EOQ/EPQ inventory models with backorders can be done in line of the works of Borgonovo and Peccati [122] , Borgonovo [123] , Borgonovo and Peccati [124] , Borgonovo [125] , Bongorovo and Peccati [126] .
Conclusions
During the last sixteen years numerous articles have appeared in the literature dealing with the alternative optimization methods used in inventory field. Majority of the published articles dealt with the algebraic optimization. This paper presents an exhaustive literature review about optimizations methods. The optimization methods have differed in the knowledge required to obtain the optimal solution to the inventory problem. Moreover these optimization methods have immensely differed in complexity both conceptual and the mathematical skills needed. In particular, the optimization of the EOQ/EPQ models with/without backorders through different optimization approaches were the most frequently encountered. Most of these addressed only one type of backorders cost. Also, a simple procedure referred to as the hybrid geometric-algebraic method has been developed in this research. The proposed method finds, in straightforward manner, the optimal lot size, the backorders level and the closed form of the total cost for the EOQ/EPQ models with two backorders costs: linear and fixed. Additionally, hybrid geometric-algebraic method is also simpler than the other optimizations methods. In contrast with differential calculus approach, the hybrid geometric-algebraic method does not need the knowledge of derivatives, simultaneous equations and the procedure to construct and examine the Hessian matrix. Finally, this simple optimization approach should be considered as a more accessible way to ease the learning of inventory models for individuals who lack knowledge of calculus.
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